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BANDO-FUTAKI INVARIANTS ON HYPERSURFACES 
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f\j , Abstract. In this paper, the Bando-Futaki invariants on hypersurfaces are 

derived in terms of the degree of the defining polynomials, the dimension of 
the underlying projective space, and the given holomorphic vector field. In 
addition, the holomorphic invariant introduced by Tian and Chen (Ricci Flow 
on Kahler-Einstein surfaces) is proven to be the Futaki invariant on compact 



Q\ i Kahler manifolds with positive first Chern class. 
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^ ' 1. Introduction 

^— > 

a 

stacle to the existence of Kahler-Einstein metrics on a compact complex manifold 

£> \ with positive first Chern class. Other generalizations of the Futaki invariant were 

V~j ■ introduced later, all of which are obstructions to certain geometric structures. The 

r> | Calabi-Futaki invariant [3] is an obstruction to the existence of Kahler metrics of 

constant scalar curvature on a compact Kahler manifold. The Bando-Futaki invari- 
ants, raised by Bando [Tj in 1983, are obstructions to the harmonicity of the higher 
order Chern forms. The Bando-Futaki invariants vanish if and only if the short-term 

;fT 



solutions of the almost Kiihler-Einstein exist (cf. Leung fT2]). Tian and Zhu found 
a holomorphic invariant [2T , which is an obstruction to the existence of Kahler- 
Ricci soliton. Recently, Futaki \~8\ generalized the Bando-Futaki invariants and the 
Futaki-Morita invariants IJHfT The new invariants give obstructions to asymptotic 
Chow semi-stability when the invariant polynomials are Todd polynomials. 



In 1983, Futaki introduced the well-known Futaki invariant EfT which is an ob- 
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2 CHIUNG-JU LIU 

Efficient methods for computing the Futaki invariant and the generalized Futaki 
invariants ^re essential to characterizing the existence of certain geometric struc- 
tures. Lu (TJ constructed a formula to evaluate the Futaki invariant on complete 
intersections. The formula depends on the dimension of the projective space, the 
degree of the defining jaolynomials, and the given tangent holomorphic vector field. 
Concurrently, Yotov [23J derived the same jc&ult with a different approach. On 
complete intersections, Phong and Sturm [T7~ formularized the Futaki invariant 
and the Mabuchi energy functional using the Deligne pairing. Their methods may 
lead to a complete solution to the problem of computing the Futaki invariant. 

The main part of this paper is the computation of the Bando- Futaki invariants 
on hypersurfaces in CP n . The value, stated in Theorem ill. 11 is in terms of the 
dimension n, the degree of the defining polynomial of the hypersurface, and the 
tangent vector field. In Theorem ill! l\ we prove that Chen and Tian's holomorphic 
invariants introduced in pTfsection 5] are the Futaki invariants. In the last section 
of this paper, we study two properties of the higher order K-energy functionals. The 
first property states that the higher order K-energy functionals are independent of 
the choice of paths. The second property states that they are the nonlinearizations 
of the Bando-Tntaki invariants. Both properties are known to experts and are 
proved in rT~"2"~ ll\ .We reiterate the .Bjoof for the former property in detail within 
approach different from Weinkove's I J22] . We slightly generalize the condition [22, 
Theorem 2] of the latter property. 

Let M be an m-dimensional compact complex manifold with positive first Chern 
class ci(M) > 0. Let u>m be a Kahler form on M such that [lum] € c\(M). Let 
be the curvature tensor with respect to the Kahler metric u>m on the holomorphic 
tangent bundle T lfi (M). Let c q {&) = P q {0) denote the q-th Chern form of 9, 
where P q (Q) is the elementary polynomials defined by 

m 

det(6 + t ■ I) = Y^ pq (Q) ■ tm ~ q - 

Define the Chern classes c q (M) by 

c q {M) = [P«(0)] G H 2 J R (M), 

where we set Co(M) = [1] S Hp R (M), Let Hc q (Q) be the harmonic part of c q (Q) 
in the Hodge decomposition. Since M is Kahler, there exists a real (q — 1, q — 1) 
form f q such that 

c q (Q)-Hc q (Q) = ^ddf q , (1.1) 

where f q is unique up to a <9<9-closed form. 

Definition 1.1. Let T q : F°(M,T 1 '°(M)) — ► C. The q-th Bando- Futaki invariant 
is defined as 

T q {X)= f L x f q A coZ +1 - q (1.2) 

forq= 1, ••• ,m. 

Each T q is well-defined on the Lie algebra of holomorphic vector fields and in- 
dependent of the choice of the Kahler form in the Kahler class. This property was 
proved by Bando |"Q and can also be found in Futaki's book [TJT In particular, T\ 
is known as the Futaki invariant. 
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1. 1 1 Theorem 1.1. Let M be a hypersurface in CP n defined by a homogeneous polyno- 
mial F of degree d with d < n. Let X be a holomorphic vector field on CP™ such 
that 

XF = kF 
for a constant k. Then the q-th Bando-Futaki invariant is 

MX) = - {n + i- <y-« ^ - ^ n + *> g(-^'(i + 1) ( " 1 



K. 



A hypersurface M defined by the homogeneous polynomial F — of degree d 
has positive first Chern class if d < n. In fact, M has nonzero holomorphic vector 
fields. 

A summary of the proof is as follows. The first step is to find the potential 
forms f q defined in (fl.l|) for 1 < q < n — 1. In order to do this, we compute the 
elementary symmetric polynomials by using the curvature tensors of the hypersur- 
face in terms of local coordinates. Then we find the extra holomorphic forms so 
that the potentials f q can be expressed globally. The s econ d step is to evaluate 
the Bando-Futaki invariants. We take the contraction of (|li.l|) with vector field X. 
Then we may write the resulting function as a 9-equation of (q — 1, q — l)-forms. 
That is, 

d[- q P q {vx, e, • ■ • , e) + qa qq eto' 1 ' 1 - i(x)df q ] = o, 

where 9 is the Hamiltonian function of ui, P q is the polarization of the q-th el- 
ementary symmetric polynomial, and a qq is a constant. We denote that % = 
(n + 1 — d)uj = (n + 1 — d)ujps\M , where tops is the Fubini-Study metric on CP". 
By Hodge decomposition, we have 

~ q p q (yx, e, • • • , e) + qa qq 8cj q - 1 - i(x)df q = ^> q + B^ q , 

where ip q is the harmonic part and dip q is the exact parL In Lemma \UA\ we show 
that tp q = C(q)uj q ^ 1 for some constant C(q). In Lemma u.(\ we prove that 

q f p«(vi,e,--- ,8)a^ 9 = o. (i.3) pun" 

Jm 
Then we reduce (lll.2|) to 

F q (X) - / L x {f q )Au n M q 

= qa qq (n + 1 - d) n - q f ecu 11 - 1 - C(q)(n + 1 - q) n ~ q 

Jm Jm 

ilzi 
By [T3", Theorem 5.1], we have 



0^-1 = « and / w n-i = d 

M n JM 



Thus the Bando-Futaki invariant is 

Lxf q A w*-« = (n + 1 - d)""' (^^ - C^(g)d) 



j\/ 



It can be computed explicitly. We have overcome two obstacles in our proof. The 
first obstacle is to show the equality holds in (|ll .6]) . Note that it is not true for any 
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invariant polynomial ip such that 

f y>(vx, e, • • ■ ,e)Ao; n -* = oB 

JM 



For q = 1, it is trivial to see 



/ ^(VIJA,-^ / divCXKF^ / L x (oj n M 1 )=0. 

JM JM JM 



However, equation (|ll.5|l is an expected result for the polarization P q (VX, 9, • • • , 0) 
of the elementary polynomial whenever 2 < q < n— 1. Without this result, it would 
be very difficult to find the formula. The second obstacle is to compute C(q) and 
write ipq as a globally defined forms. 

Corollary 1.1 (Lu|T3]). Given the conditions of Theorem 1.1 and q — 1, the first 
Bando-Futaki invariant is the same as the Futaki invariant given as 

^ 1 {X)=-{n + l-dT- ^ n + 1){d - 1) K. 

n 

Our method can be applied, in principle, to the case of complete intersections 
and toric varieties (Mabuchi). However, the computation is complete using the 
current notations. Therefore our goal is to create an abstract setting from our 
current ideas before applying the invariant formula to more general cases. 

In Ijyj, the Futaki invariants (and Bando-Futaki invariants) are formularized as 
equivariant Chern numbers, which can be computed using Atiyah-Bott localization 
formula. The method used in this paper is completely different from Atiyah and 
Bott's method and is an alternative way to compute the equivariant Chern num- 
bers. We believe our method can be applied to infinite dimensions; for example, in 
Gromov-Witten invariants. 

Remark 1.1. All Bando-Futaki invariants on a hypersurface vanish if the hyper- 
surface is K-semistable. 

11,72 

Here we re-state the definition [T¥J : 

Definition 1.2. We say M is K semistable if any holomorphic tangent vector field 
X on M satisfies 

Kmtj t M(u o ,uJt)>0, (1.4) [J] 

where M(u>o,uit) is the K energy with respect to uj and uj t (definition is given in 
section 4), and a(t)*too = u>t, where the one parametor family of automorphism 
o~(t) is generated by the holomorphic vector field X. 

In sectipn,4, we study the holomorphic invariants that were introduced by Chen 
and Tian |T|T 

Definition 1.3. Let M be an n-dimensional simply- connected Kdhler manifold with 
a Kdhler form uj. Since M is simply- connected, there exists a smooth function Ox 



4f <p(yx, e, • • • ,e)Au»-' = di v x-(c 1 (e)) n - 1 , then / M ^(v,e,--- ,e)Aw"-« ^o 
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such that i(X)ui = ^ d9xU- Define a new holomorphic invariant to be 

F k {X,uo) 

= {n-k) f e x uj n + (k+l) f A9 x Ric(uj) k Auj n - k 
Jm Jm 

k-\-l A n—k—1 




\r /.>;.., . ,< ,..*-< Auj ™~ k , 



-(n-k) / 6 x Ric(uj) K+l A uj 
Jm 

1.2 | Theorem 1.2. // M is compact with a Kahler form uo £ ci(Af) > 0, then the 
Chen-Tian's holomorphic invariants are the Futaki invariants: 

F k (X,u) = (k + l) [ X{f u y\ 
Jm 

where f u is a potential function such that Ric(uj) — uj = \~ ddf w 

The K-energy is a nonlinearization of the Futaki invariant. And also it is men- 
tioned in l[4] that the nonlinearizations of these holomorphic invariants are 



where 

EUv) = J^l J M (** 5 - /.J (£ RicM A - 

and 

1 nl f ' 4- 1 f—\ 

u<p) = j-^r E / Iti 9 d( f A ^ A w * A r 1_i > 

Jm^ ~^JMn + l 2ir 

where uj^ = uj + Yl~ ddip > for some smooth function ip and < k < n. We can 
see that the Futaki invariants can have different nonlinearizations. 
Acknowledgements. This paper will be part of my PhD. thesis. The author 
thanks her advisor Z. Lu for his mathematical insights and assistance during the 
preparation of this paper. She also thanks Professor Phong for his encouragement 
and Professor Paul for pointing out the effect of K semistable hypersurfaces on 
Bando- Futaki invariants. 

2. Bando-Futaki invariants 

2.1. Curvature Tensor on Hypersurfaces. The following setting is adopted 
from ITS' and [fl]. Let Z = [Zq, • • • , Z n ] be the homogeneous coordinate of CP™. 
Let Uo = {Z e C¥ n \Z ^ 0} and z = (zi,--- ,z„), where z t = Z. b /Z for i = 
1 , ■ • • , n. Without loss of generality, assume that we work on the coordinate chart 
(Uo, z). Under this coordinate system, the Fubini-Study metric is given by 

/ZJ " V /ZJ n / §.. z-z- \ 

^s = -^- E x aQdzi a d- Zj = — g [ytw (TTnt ) dZl A d ~ Zj ' 

where \z\ 2 — Y^i=i \ z i\ 2 - Let / be the defining polynomial of M on Uo, where 

1 



/(*) - F 



-. Z\ Z n 

Zq Zq 



~ ~^d F i Z o>' • • ,Z n }. 



7" 



In order to keep the original definition, we use the equation 8x = —9, which is the opposite 
sign from the Hamiltonian function 8 defined as above. 
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lem2 . 1 



By the implicit function theorem, there exists an open set V C {(z2,- ■■ , z n ) S 
C n_1 } of Ua such that z' solves the equation f(zi, • • ■ , z n ) — whenever -§~{z) 7^ 0. 
Let z\ = z'{z2, ■ ■ ■ ,z n ). Therefore, z\ is a holomorphic function on V. Under the 
coordinate system (V, (2:2, ■ ■ ■ , z n )), let the restricted Kahler form be 



U) = U>FS 



M 



E 

i,j=2 



-1 



2tt 



j AxJi/Ciq^ / \ U/A"i • 



where 



Jij + ajOj (zj + «iOi)(«j + ziOj) 



yy l + |z| 2 
where <Zj = §p^ for i = 2 



for»,i = 2,.-.,n, (2.1) [7] 



(1 + M 2 ) 2 

, n. In order to compute the curvature tensor with 
respect to the metric gq, it is critical to find the inverse matrix of gq. 

Lemma 2.1. Using the same notation as above, the inverse of gq is 
1 



<j' J 



p 



(p(l + \z\ 2 )5 Tl - a jai + zjZi(l + |a| 2 )) 



QjZi 



(E 



a k z k - z\) 



Z- 



ai(^2a k z k - Z\) 



wh 



ere p 



r \ fc=2 fc=2 / 

(SfelW ' l«l 2 = Er=2 N 2 , ™d F k = J£- for k = 0, 1 ■ 



Proof. Consider gq as a matrix Aq for 2 < i, j < n. Since fc is a matrix of a linear 
combination of matrices Sq, aiCij, ZiZj, diZj, and ZiCLj pointwisely, its adjugate and 
inverse can be written as linear combinations of Sq, CJiOj, ZiZj, diZj, and z%a,j 
pointwisely. More clearly, let Aq = {jiSq + ^a-idj + lzz%Zj + l4 a i z j + Js^aj) 
where 



(71,72,73,74,75) 



1 



l + |*| s 



*i 



1 



^l 



«i 



l+|z| 2 ' (l + |z| 2 ) 2 ' (l + |z| 2 ) 2 ' (l + |z| 2 ) 2 ' (1 + M 2 ) 2 
By definition, the adjugate matrix is given by 

(adjA)^ = (-1)*+* J2 sgn(a)A i<r ^ h • • • A i<rin)jn , 

ff£S„-2 

where S n -% are all permutations of {13, • • • , i n } — {2, • • • ,n} — {i} and 

{j3, J4, ' ' ' ,jn} — {2, • • • , h} — {j}. There exists functions 771 , • • • ,775 such that 

(adjA)^ = (jjiSji + rt 2 ajOi + r) 3 ZjZi + rfccijZi + r/ 5 Zja t ) . 
n.7.7 
Apply the following formulas given in |T¥ : 



(2.2) 



k=2 



Z\ 



l + \a\- 
detcjij -- 



E 

fc=2 
1 



Fo 
Fi' 

a k z k — Zi 



,a_E2=oW 



2.2 



*i 



(2.3) [6] 



ELo \ F k\' 



(l + |z| 2 )™ 
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Then we can compute the coefficients 771 , • • • ,775 by solving the following linear 
equation system 



1 

1 



~ 9i ^ = ^deT^ (adj ^ fc 



— (71 4; + 72 aidj + ~/3ZiZj + jia-iZj + 1^0,3) 
clet (jjj 



x (rn5 jk + r] 2 aja k + r) 3 ZjZ k + r] A ajZ k + rjsZjdh) 

= 6 lk . (2.4) [2^1 

p 3 
Furthermore, we may rewrite (|IZ.4|) as 

n n n 

(71 + 72M 2 + 74 X! Oj^j)^ + (72 X! ^ + ^ 4 Y N 2 )^ = - 72>7l 



(7i + 73 Yl M 2 +^Y a o z i)Vs + (l5\a\ 2 + 73 Y a J z j)V4 = ~ 73li 

j=2 j=2 j=2 

n n n 

(72 J! %'% + 74 X! M 2 ) 7 ^ + (71 + 72M 2 + 74 Y a 3 Z o)V4 = ~ 74?/l 
j=2 j=2 j=2 



(2.5) |2.4| 



(73 X! a jZj + 7 5 |a| 2 )?72 + (71 + 73 Y \ z $ + ^ 5 Y a i z i)^ = ~ ^Vi, 
3=2 3=2 3=2 

where 771 = detgq— = (1 + \z\ 2 ). Hence by using (|b.^|) and (fZA)) , the solutions for 



are 

(n n \ 

-1,1+ |a| 2 ,-(^a fc 2 fc - zi) , - ( y^ afcZfc - 24) J , 
k=2 k=2 ) 

where p = (fl^fUif 12 . Then we may obtain 

g lJ = - (jji^j + 77 2 a i a l + TfeZj-Zj + ^Oj-?, + V^ZjCii) . 
aet <7ij 

a 

The following Lemma is important for computing higher order Chern forms of 
the hypersurface M and for evaluating the Bando-Futaki invariants. 



Yl R iij dz i A dz 3 = $3 ( *m&3 + Suhj - - l k I s . t*) dz * A dz 3 



lem2.2 Lemma 2.2. The curvature of the hypersurface is 

P dZl d ~ Z > 
for2<k,£< n, where p = (gjffl^p - 
Proof. Recall the curvature formula 

Rh3 - - d 3<-^-9 ) 



Q 2 gfca -<.- + flgfcg B ^ gP9gis {26) 



dzidzj dz,i dz-j 
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on Kahler manifolds. By using the metric g^ defined in (|E.1|) . we obtain 

dgkg _ Zj + ZiOj . z fc + ziQfc . { ga fc (l + |z| 2 - |zi| 2 )a g - ziz g ._. 

az, ~ f + |zp 5 ^ i + |zp^ + ^ (i + N a ) a ' [ ' m 

dffpg _ Zj + ZlOj - _ _ Z s + ZiQ s . _ (9a s (l + |z| 2 |zi| 2 )o p - Zi^p i — i 

dzj ~ 1 + |z| 2 5p " 1 + |z| 2 9pl dz, (1 + |z| 2 ) 2 ' V*> LU 

Use (|E.8|) to compute second derivative 
9 2 5fes 

a — ^~ — ~9ij9ks — 9is9kj 

(zj + ziaj)(zi +_giOj) _ _ (£j + zia j )(z fc j-jiOfc) . _ 
(l + |z| 2 ) 2 5fcs (l + |z| 2 ) 2 9lS 

(z s + zia s )(zj + z 1 a i ) _ (z s + zia s )(z k + zia fc ) - 

(l + |z| 2 ) 2 ^ (l + |z| 2 ) 2 ^ 

(«j + ziOj) <9a fc (l + |z| 2 - |zi| 2 )a s - z\z s 

l + |z| 2 dZi (l + |z| 2 ) 2 

(z s + zia s ) <9a fe (l + |z| 2 - \zi\ 2 )a-j - z\Zj 

l + |z| 2 dz, (f + |z| 2 ) 2 

da k da s 1 + |z| 2 - |zi| 2 da s a k Zj - ajZ k 
dz % dzj (1 + |z| 2 ) 2 9% (l + |z| 2 ) 2 

,9o^_ , _ ^ (l + |z| 2 - \zi\ 2 )a k - Zl z k 

dzj (1 + |z| 2 ) 

By using (|ET)l and (|B~5|) in (|Q|) , we obtain 

9 2 3fes _ _ - - , dg kq dg pS g da k da s 1 + |z| 2 - \zi\ 
= -9i]9ks - 9is9ki + -5 K^g pq A — - 



2T^(zi + zia. 4 )^ ^ ; , _' . (2.9) |2.6| 



dzidzj w """* 5z, 5% 3 ' 5z, Sz, (1 + |z| 2 ) 2 

<9a fc aa s /(l + |z| 2 - |zi| 2 )a p -ziz p \ /(! + |z| 2 - |zi| 2 )a,j- ziz g 



dz,- dzj V (1 + M 2 ) 2 A (1 + \ z \ 2 ) 2 J 9 ' 

(2.10) [To] 

In fact, we have 

(1 + |z| 2 - \ Zl \ 2 )a p - z lZp \ {(1 + \z\ 2 - \ Zl \ 2 )a q - z lZq \ _ pq - l + |z| 2 -|zi| 2 



ii + |z| 2 ) 2 A (i + N 2 ) 2 y 9 (i + N 2 ) 2 

IFJ 2 1 



(i + l*l a )£LoW p 

By using (p?TT|) in (|B710[) . we get 

_&hs_~r s + dhgdgps -M-es = ^ ~ + ^ ~ _ l da k da a es 
dzidzj dzi dzj y 3 P dzi dzj 

n 



(2.11) 2.11 



The Ricci curvature of a hypexsurface has been shown in I|i4| llBj. It is also 
directly followed from Lemma iBTzf 
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re2.1 



lem2 . 3 



Remark 2.1. Given the conditions as in Theorem il.il the Ricci curvature on the 
hypersurface is 

Ric{uj) = (n + 1 - d)u - ^—dd£, 



where 



e = io g 



2tt 



2\d-l 



(ELol^l 2 ) 



FropL The trace of the curvature form is the Ricci curvature. By using Lemma 
i.'Zl compute 

n n n n / -. rj o- \ 

E I] ^^ A d ^ = E E ( ***&3 + fofltf - -J^Jf~9 kS ) dz * A d ^ 

k=2i,j=2 k=2i,j=2 ^ f 1 3 / 

1 






= E I n m - - E uttw:?* I dz > A ^ 



fc.s=2 



where 



1 V-l 



E 



9a fc <9a s _ fc5 



p 27T .^— '_ <9zi d'z-, 



~g« s = dialog 



k,s=2 



Z^,k=0 \^ k 



We can find an extra globally defined function such that 



2- 



T -dd\ogf^^ lFkl 



Fx 






dd log 



SLo \ F k\ 2 (SLo \ z k 
(ELol^-l 2 )'- 1 l^il 2 



2\d— 1 



(d - l)w + 4"^ 9 ^- 

27T 



(2-12) 

D 

2.2. Chern Forms. 

Lemma 2.3. Given the conditions in Theorem il.il the q-th Chern form on a hy- 
persurface are 

c q (Q)^J2 a ^ k A(y^dBo q - k , 



whe 



«„ 



n + 1 

q 



fe=0 



da ( 



',1,1 - \ j «UI( 9 _l)(g_l), 

«g(?-fc) = -[d«(g-l)(g-fc-l) +«(g-l)(g-fc)] for k = 1, 

a q0 = (-1) 9 , 
/or g = 1, • • • ,n — 1. Sei t/iat apo = 1- 



,9-1 



Before we prove this Lemma, we need several steps. Let 9 = 'Y^k 1=2 ®fc£^z ®^ Zfe 
be the curvature tensor of M such that 



/ZT ™ 



»,i=2 



represents a (1, l)-form valued matrix for 2 < k,£ < n. In order to save some 
space, we denote the (k, fc)-form valued matrix Y^7 2 ■ i k =2®Ti A ••• A 6^ +1 by 



10.1 
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Y£,.,i k =2 e h ■ ■ ■ e Z +1 - Thc 1- th Chern Polynomial denned in (HI page 402, 417] 
is 

1 n ... 

p9 ( e ) = iE E s g n(a)e:: (1 'e:; (2) ...e:^. (2.i3) \^\ 

crGSg ii,— ,i q =2 
tenhp . 1 

In Sublcmma lki.H we derive a formula to compute higher order Chern polynomials 
in terms of the lower order Chern polynomials. The idea is as follows. Let 

n 

be a (j, j)-form corresponding to a cycle of order j. For each permutation a £ S q not 
the identity is a product of cyclic permutations which operate on disjoint indices: 
a = eri(72 • • • Cfc. If <7i, • • • ,<7fc are cycles of length ji, • • • , jk with respectively, 
then 0/ (1) • • • 0^ = <f>j 1 ■ ■ ■ 4>j k . For each 1 < i < k, we have a = o^t^ for the 

permutation rt = ui •• • (7^_i(7^ + i ■ • • cr fc e Sq-j*. Then sgn^)©^' 1 ' • • • Q£^*~ H 

is one term in the expansion of P 9_ ^(0) as in (|EZ713p . We abuse the notation 
that T( operates on {1, • • • , q — ji}. In fact, Tg operates on q — jg many indices 
different from ov. Therefore, 0„- •••0/ can be written as one term in the 

il Lq 

expansion of sgn(c7 1 )<^ 1 P 9-J1 (0), • ■ • , and sgn(cr fe )0,, fc P 9_Jfc (0). Then we conclude 
that P q (Q) — X)?=i( — l) J_1 aj0jP ?_ ' 7 (0) for some rational number a,j for j = 

I,--- ,q- 

sub2.1 Sublemma 2.1. T/ie q-th Chern polynomial can be written as 

p q (&) = 1 £(- i y~ la ^ pq ~ d ( @ ) = - E(- 1 ) j_1 ^P 9 - J '(e) (2.i4) [7f] 

3=1 9 3=1 

/or q = 1, • • • , n — 1. Let P (0) = 1 /or convention. 

Proof. Prove (|B714|) by induction. For g = 1, P : (0) = Y^7=i ®i = ^i- Assume that 
P k (Q) = lE^iC- 1 ?' -1 ^'^ - ^ ) h °l ds for fc = 2,- • • ,o- 1. Actually there are 
( 9 ) (j —1)1 many cycles of order j in S q . For any positive integer numbers ji, • • • , jk 
such that ji + • • • + jk = g, the coefficient for cf>j 1 ■ ■ ■ <j)j k on the left hand side of 
(|EQ4)) is 

</ v/i) (ii ~ i)! C i J1 ) (j2 " 1)! " ■ G) (jfe " 1)! ' if k * js ' x - s ' * - k ; 

and so on. Therefore, the coefficient for ? is a g = n-( 9 )((Z — 1)! = -• For q > 
j > g/2, the coefficient for 4>j<ft q -j on the left hand side of (|B714|) is -\( q )(j — 
l)\(q — j — 1)! = ■/ 3^- . On the other hand, since the term <fij(f> q _j only appear in 
the expansion of 4>jP q ~ : > (0) and <j) q _jPi{&). By using the induction hypothesis, 
compare the coefficient of 4>j4> q ^j on the both hand side of (|Q4|) . That is, 



1 



"Q-J 



j(q-j) 



(2.15) 1 12.1 
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If q = 2k for some integer k, the coefficient of (j>k4>k is 

i@ (fc - 1)!(fc - 1)! 4- 

since 4>k4>k only appear in <f>kP k {&). Then Ofc = 51 = -• For j = q — 2, since 
4>q-2<t>i<t ) i on ly appear once in (/) 9 _2-P 2 (0) and twice in <piP q ~ 2 (Q), the coefficient 

is 

I Clq-2 0-1 0-1 

%^2) = ~T~ + ~q~l + (q-l)(q-2) ( ' 6) 

Furthermore, for q — 2 > j > q — j — 1 > 1, the term <pj(p q -j-i(pi appear twice 
4>jP q - j (Q), 4> q -j-xP j+1 {@) and ^iPS-^O). The coefficient for fa^-i-ifa is 

1 



j(<7- j - 1) 



<z -j («-i)(?-i-i) j + i (i + i)j (g-i)(«-i-i) (?-i)j 

_ a 3 , a q-j-l , °1 

1 1? 1 1 1? fi 1 1? 9 

By using (pz.ia|) , (|k!.lt>|) , and (|IZ.1Y|) , we obtain the relation of a,j 

a q -i = t 

a g _j = ; for j > q/2 

aj = 1— (q— l)t for j < g/2. 
The term 4>f ■ ■ <f>i only appear in 0iP 9 ~ 1 (9), the coefficient of it is 

Q 

1 fq\ (q — 1\ /1\ I ai 



q\q\\lj\ 1 J VV ? ! (?-l)(?-2)...l' 

We get oi = -. By using f2TT8|l . (jof| and (jOOf . we obtain a,- = £ for j = 
2, ■■■,q. '' " □ 

Therefore, we only need to compute <j>j for j = 2, • • • , g and use (|L^14]l to formu- 
late P«(0). 

sub2.2 Sublemma 2.2. Por 3 < j < g, we ftawe 

n n 

J2,-" ,i 3 -i=2 i3,-" ,ij-i=2 



27T O ^-^ V 9z„ <9z« 7 27T 



wnerep— (i + \ z \2)\ Fl \2 , c, - ^ogy ( ^,,^ z ^ 2)d ^ 1 j , anau i - 2?r 2^ a ,0=2- n i a p az a 
dz p . 



12.6 



(2.17) 


12.2 


(2.18) 


12.3 


(2.19) 


12.4 


(2.20) 


12.5 
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Proof. Prove by induction. For j — 3, use Lemma u2\ and fZTfS]) to compute 

i 2 ,o!,/3,A,J7 ) s ) t=2 rap 

(£i 2 i 3 <?Afi + Sxi 3 g i2f j TT^-^-r-g 1 ^ )dz a A dzp A dz A A dz„ 

V ' o oz\ oz„ / 

-) 2 E 



i 2 =2 



2tt 



22 ,a,/3,A,?7— 2 



p 9z A dz,,' 



1 ^-^ 9a, ; , 9a t H f _ 



P ^ 5z a dz n 

n 

is 



ff* 3 -ff, 



1 ^ ^ a n ^ fl s 
P 4^ 9z Q 9^/3 ' 



a n 2-^ ft? ^ 9 9Xr > 



I. k^ rdaiy dot i3 i 



dz a dz n 7 V dz\ dzfj 



)( 



s=2 

da l2 da s l2 - s 



dz a A dzp A dz\ A dz r] 



1 p ^-^ 9z Q 9z0 



3S dz a A dz/5 A u) 



1 9a,-, 9a 



1-k ^ p dz a dz„ 

a, p\t, A, i)=2 P ' 



* ^3* 



(9a 9/3 log ~° l2 ) dz Q A dz r , A dz A A dzp 



\Fi\ 



' rv n t— 1 ?. ' 



-1 



2- 



00f)- (2.21) 



a,r/,t=2 

Suppose that the statement is true for j — I. By induction hypothesis, we get 



2.13 






e!?ei*-e''-:)0i 



*2,"' )%'—! = 2 



«3,--- ,ij-i=2 



»i_2 / »J-1 



^11 



2?r p 



p *-^ V az a az/3 / 2tt 



A9 



s,a,p=2 



uja V efej 4 ---ev 

*Si" - ,Jj-l=2 



-1 1 






1 y^ / 0a ll 
o 4-^ V9z„ 



a,/3=2 



jp'*<fe Q A da,) A (duj + l—dd^y- 2 , 

/ 27T 



where 



ij-i,at,(3,s= 2 ^ 



E ( 



^*l|^ 5 dz Q A d^) A (dw + ^0fl£) (2.22) 

az a 0z,g / 2tt 



is part of 



q,/3,s=2 

We omit the detail of the proof. 



□ 



2.14 
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thm2.1 Theorem 2.1. With the curvature given in Lemma \\2.zl the trace of the wedge 
product of j many curvature tensors on the hypersurface M is 

®t ■ ■ ■ ©t^l 1 = (" + W ~ (<*" + ^T dB tY 

for 2<j<q. 

Proof. Prove by induction. For j — 2, compute it directly from (|k.^l[) . That is 



ix,i 2 =2 



- ((d - l)w + ^^) (dw + ^~dd() 



Suppose the statement is true for j — 1. By Sublemma b.^l the induction hypothesis 



and (jETZZ)) . we get 

1*3 



(e^^'-e^je^ 



= «Ae*»e*;...e^_ 1 eg 



v " " ' E ^-Ht^ 8 ^ a d2 > A ( dw + ^?W~ 2 a e:j 



27r ^-^ 9z Q i9z/3~ 

a,/3,s=2 p 



2tt 



a^T 



= w A [(n + IV" 1 - (dw + -V- ddgyi- 1 ] 

2tt 



[(d - l)w + ^7— <9<9£] A (dw + -^—930 



j'-i 



2tt 



2tt 



= (n + 1 V - (duj + Z— ddtf. 
2n 



a 



Proof of Lemma ll^.a .Prove by induction. For q = 1 , 



1 



PV9) = (n + 1 - d)w - -V- "C = "io-t;— 9<9C + "u^, 

27T 27T 

where aio = (—1), an = ("} ) — daoo and «oo = !• Suppose that 



P<(0) = ]Ta ifc ^A(^^r fe 

fc=0 

holds for 2 < i < q — 1. By Sublemma b.l| rhcorcm b.il and induction hypothesis, 
we have 



p g (e) = J2(-i) j - 1 4> j pi-i(e) 



j=i 






2- 






(g-j)fcW ' A 



fc=0 



2- 



-aae) «-'-*, 



(2.23) 
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where 



, -(*%-j-l)(fc-l) +a(q-j-i)k), i£k<q-j', 



A- 



for j = I,-.. ,g- 1. We rewrite (fall as P«(0) = Efc=o «?fcW fc (^a^) 9 ~\ 

1 * •_ 



2.15 



where 

A 



9 t=l j=i V v 



2.151 



By using (|2.24|) . we compute IfZ.'Zij 



k k-j 



— ^-r-EECl-lO'-^-'Cr) <"« 



j=\ t=o 



( - 1,, £f:')f;V<-«'- <«*> 






2 


16 




2 


18 




2 


17 



In fact, we have 



ZWf"* 1 ) = <-!>-> (,! J- (2.29) 



2.161 



We change the index in (p.^bj) and use (|k!.^9p to get 

k k-j 



n+1 

q 



i-^t^-.^-^-'-'^V) 



k , , v X-l 



9 a=i ^ " ' e=o 



Hr'tir^-'M'i;, 



71+ 1 

A=l 



^zfrfK^-W"! 1 )- (2.30) 



A=l 



2.20 
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Change the summing order in IfZ.'Zt]) and get 

q— k k+i k—j+i 



(-1)« 



<l 



EE E (-tf* 



i=0 j=i 1=0 



k-ll 3 

j — i) \k — j + i — £ 



q — j — £ \ fn + 1 

£ 



(-l)o 



q-k j 



B-^EE 



J'=0 



(-1)* 

3 



k 



i=o e=o 

k q—k 



k + i — j\fq — k — i + j — £\ fn + 1 



B-^EE 



£=0 

In fact, we have 



j=f i=0 



k-j J\ j-t J\ < 

k + i— j\(q — k — i + j — £\(n+l 



k-j 



3-1 



t 



E 



s + i 



s + d+1 
d+1 



(2.31) 



(2.32) 



2.21 



2.211 



Re-assemble the following term: 



Y> A + * - j\fq - k - i + j - £\ _ ^ A + i - j 
t^K k-j )\ j-i )~U\ k-j 



q—k q—k— 8 

EE 



k + i — j 

k — j 



s + j-l\_(s-l+j- £ 
j-i J V 3-1 



(2.33) 



2.212 



Then we may apply (p2.32|l to each assorted item in (|k.;j;jj) to get 

q—k 



E 

i=0 



k + i — j\fq — k — i + j — £ 



k-j 



3 - 

_y (k + s .(./ ■■ U\(q- k-s + lj- 1)-/ 



k - U - 1) 



(3 -l)-t 



(2.34) 



2.23 



If we repeat the procedure in (|bl.34|) for r times for r = 1, • • • , j — I, we get 



q—k 

E 



k + i — j\fq — k — i + j — £ 



k-j 



j-e 



q—k 

E 



k + i — (j — r)\ ( q — k — i + (j — r) — £ 



k~{j- r) 



(j -r)-£ 



For each j = r + £, we have 



v-^' A + i - j\ (q - k - i + j ' - A _ ^ A + i - A, (q - k - i\ (q - £ + i 

h\ k ~j ^v j- £ ) = h^ k - £ 







fe-i + 1 



Then we obtain 

/ k + i— j\fq — k — i+j — £ 



EE 



k-j 



3-1 



(k-£+l) 



q-l+1 
k-t+1 



(2.35) 



2.24 



16 CHIUNG-JU LIU 



Use (jQ5|) in (|E3T|) to get 



q 

^ i=0 j=i 1=0 



(- 1 >'£(-l)^(*-/ + l/«-' + l ^''' +, 



q ^ y ' '\k-l+\)\ I 



By adding (p.auj) . (|2.3b|) and (p.Z»|) , we can get the coefficient 



V,,A- 



1 1=1 



P — 1 \ / 



(_!)« / g _A ,^/n+l 



9 



^^ag^-V^,^'^ 



A' 



("^VV ,^jk-</. j3-A/«+l 



.^(-i^d^Cff-/) 






&-^ 



(-D'EC-D^Ul^rt 1 )- ^ 



,fc-£ 

£=0 v 



Comparing (yi:6(\) and (p.ai|) . we get 

a qk = \ ( n+ q l )- da «>-^-^ *k = q; 

{ -(da(g_i)(fc_i) + a(g_i)fe), if < k < q. 

D 

2.3. Computation of the Bando-Futaki invariants. The Ricci curvature rep- 
resents the first Chern class. In Remark u. 11 we have 

ci(6) = (n + 1 - d)u - ^rr^dd^. 

Jlgmg - 3 
It is clear that the harmonic part of Ci(0) is (n + 1 — d)ui. In Lemma tL.6\ we 

compute the g-th Chern form c g (0). In order to obtain the Hodge decomposition 

of c q {&) in the de Rham cohomology H^ R {M), we need the following Lemma. 



| Lef | Lemma 2.4. Let M be a hypersurface in CP . Then we have 

dim H$ R (M) = 1 

for q — 1,- ■ ■ ,n — 1 . 

Proof. Consider the Lefschetz Hyperplane Theorem: Let il q M be the sheaf of germs 
of holomorphic p- forms on M . The map 



W{M,SP M ) — *J?«(cr,fi£ IB ,)S / 



0, ifp^g; 

C, if p = q 



2.25 



2.251 
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is an isomorphism for p + q < n — 2 and injective for p + q = n — 1. Therefore we 
can compute the Hodge number 

h?> q {M)=dimH q {M,U? M )=\ J' if^ancUHh^n-2.; 

By Kodaira-Serre Theorem, we have h p ' g {M) = h n - 1 -P> n - 1 ~ q {M) = if p ^ g and 
p + q > n; h p ' p (M) = 1 for p > ^. Then the Hodge decomposition gives the Betti 
number 

MM) = dimlWM) = £ * M M = { J HI °n-l and r = 2p = 2q. 



p+q=r 

Let H r = {(p G A r T*(M)\Aip = 0} be the vector space of harmonic r-forms on M. 
For n = 2p + 1 , consider the map 

L:H n - l {M) — >H n+1 (M), 

where L((f>) — to A </> for <f> E Ti n ~ 1 (M). The map L is well-defined since we 
have [L, A] = on compact Kahler manifolds, where A = d5 + Sd. Therefore, 
L(<fr) — u> A (f> is also harmonic. By Hodge Theorem and Lefschetz Hyperplane 
Theorem, we have dim7i n_1 (Af) = dim H^^ 1 (M) > 1. Suppose that there exists 
a harmonic (n — l)-form <j> ^= clu^~ for all c 6 C. Since lu A(j) =/= cuj^~ , this implies 
dimH" +1 (M) > 2. It contradicts to the fact dimH" +1 (A/) = 1. □ 

Let For 1 < q < n — 1, u> q is harmonic on compact Kahler manifolds. The 
Hodge Theorem says that for any (q,q) form <f> and [(f)] <E H^ R {M), there exists 
a unique harmonic form representing [<$]. Since dim.7i 2q (M) = dim H^ R {M) = 1, 
there exists some constant c such that [4>] = [cu> q ] € H^ R (M). That is, 

cor2.1 Corollary 2.1. For 1 < q < n — 1, the harmonic part of c q (Q) is proportional to 
u> q . 

i l r ."TP 1 
By Corollary Il2.ll and the Hodge decomposition theory, we have that 

c q {Q)=a qq u q + ^Elddf q , (2.38) [^27 

Z7T 

where f q = X^=o a qk£, ujq A ( 2^"5^C) • However, we will not compute the 

q-th Bando-Futaki invariant directly: 



. n—q—l 
/<? AW M ) 



T q {X) = f C x f q 

J M 

where lom = (n + 1 — d)w e ci(M) and lo — lofs\m- First, take the contraction 

p. 9.7 

map on (p.a»|) with X: 

i(X)c q (e)-i(X)a qq u q = ^Bi(X)df q . (2.39) [13] 

Let us compute each term in (p.3ij|) separately. Take the contraction of cl> 9 with X: 

i{X)uj q = gi(X)(w)w«- 1 = g(- — -§0)w« -1 , 

27T 
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where i(X)ui = — V" 86. More precisely, we can express a holomorphic vector field 

X = ^A i Z i — (2.40) [^3oT 

over CP™ with X)l-=o ^ = *-*• The restriction of X on M n V is given by 

Hence the Hamilton function can be expressed explicitly 

o = -xiogg l^l 2 ) = - % jff 2 - ~ E t+ n' 2 ^' 2 " Ao - (2 ' 41) ^ 

Let P (0, • • • , 0) be the polarization of its elementary invariant polynomial P q (Q). 

" , ' 

i 
Take the contraction of the curvature with X : 



i(x)&i = i(x)^ J2 R U dz * A d ^ = ^r i xiR U d *i = -i? 



ex. 



/,■• 



i(X)c q (Q) = qP q (i(X)Q, 6, • • • , 9) = -q-^—BP^VX, 8, • • • , 6). 



i,j=2 i,j=2 

where 

f)v£ n _ 

for 2 < fc, £ < n. Let 

VX - £ Xfe » £ - £(§£ + £ XT£,) fe « £. 

k,t k,l i 

Then we can take the contraction map on the q-th Chern form 

~ T 

2tT 
We may re- write (|!2.39p as 

B[-qP q {VX, 8, • • • , 9) + qa^e^- 1 - i{X)df q ,&) = 0. 

By Hodge Decomposition Theorem, we get 

-gP«(VX,e,--- ,G)+qa qq 8Lui- 1 ~i(X)df q .e = ^ q + d<p l}7 (2.43) [^30~ 

where V'q is the harmonic part of the left-hand side of (|k!.43p and ip q is a 2 (g— 1) — 1 
form. Since the right hand side is of (q — 1, q — 1) form, tp q is of (g — 1, q— 2) form. 
By Lemma IET4I there exists a constant C(g) such that ip q — C(q)ui q ^ 1 . Instead of 
computing the Bando-Futaki invariants directly, we will compute the following: 

n -1 — / (Ji(Y\t x.YYWfU,,"-' 



L x f q A u n M q = / (di(X)f q + i{X)8f q ) A W £" 

M JM 

= f (-qP q (VX > 6, • • • , 6) + qa^eu)"- 1 - C{q)u q - 1 - d? q ) A u n M q . 

(2.44) 1 2.31 

Finding C(q) and showing q J M P q (VX, 0, • • • , 6) A w^'7 9 = are the next two 
steps to compute (J2.44|) . In order to evaluate C(q), it is necessary to express 
P q (VX, 9, • • • , 6) explicitly. 
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lem2.4 Lemma 2.5. The covariant derivative of the polarization of the elementary poly- 
nomial P q is given by 



gP q (vx, e, ■ • • , e) = -div(X) 7g i + H 



?2 

q 
~ £(-!)'" Vi A (V"* + n 0-2) A (ddd) - 0_2 A (ddAO)), (2.45) 

J=2 

where 

7,2 = Em(9-fc)(« + i-rf)^ + (fc + iK( fc+ i))^A(^ / |iaao 9 - 1 - fc , 

0-2 = ECo(^ + ^^r 2 - fe Ac fc , 

a^ = -E: !/3=2 s a/3 w- 

Proof. According to Sublemma b.H we have 



2.32 



q p^x, e, • • • , e) = ij e ^w<' (1) e *; (2) • • • e :: <2) 

o"£5 g ii,-" ,i g —2 
n n q 

= ^jr*ip«-i(e)_gjffee^P9-a ( e) + £(-i)i-i^p9-i(e), ( 2 .46) 

ii,»a j=3 



2.33 



ii=2 



where 



^= E ^©S •••©'■ 



ti ... ,i~=2 



for j = 3, • • • , q. Let £?i = E"= 2 X l and ^2 = E"i= 2 *< ©I ■ To formularize E 3 , 
we need the following: 



sub2 . 3 



Sublemma 2.3. For j = 3, ■ • ■ , q, we have a regression relation for Ey. 



-1 



Ej = luA Ej-i + <PA{dcu + ^^—dd^y- 2 

Z7T 



J-3 

u j ~ 2 A£ 2 +$A E( dl 

fc=0 



Z7T 



w/ie 



* v 7 -!! v^ v e.daida s ^ ks 

' k,£,p,q=2 P q 



(2.47) 
(2.48) 

(2.49) 



2.34 



2.35 



2.36 



p 34 _ _ i l?"] ??, 7 

Proof. (p2.4Y|) can be proved by induction. For j = 3, use Sublemma Ik!. Zl to compute 



^3= E W=«a£(X?'9}) 



i,j,k=2 



»,i=2 

, -- E X l\ JT^J^d dz « A d% A da 
2?r P a y^ 2 \dz a dz0 I 



2~ 



-990 



uj AE 2 + $ A(duj + -^ — <99£)- 

27T 



2l.i 
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Assume that (pz.4Y|) holds for j — 1. By Sublemma llz'zl the induction hypothesis, 



E 4 



and (pz.zzf) . compute that 

n 



n 



2?r p 
= uAEj-i — 



E *£ f ^S 1 ^'^ a d*^ a (dw + 20aacy-> A e- 



l,22,'ij,CK,/3=2 

~ 11 



V <9z Q 9^/3' 



2tt 



2tt p 



E 4 2 ( ^UrS* 1 '**. a ^V(^+^?^ ,' ■* 



H i*2 >*j j a :/5— 2 

^1 



<9z Q dzt 



2tt 



2tt 



o 3fi 



Equation (|lz.4s[) follows directly from 



□ 



sub2 . 4 



Before we start compute Ej, we need to find $. 
Sublemma 2.4. W^e compute $ explicitly as follows: 



$ 



div(X) ( (d - l)io + ^-Add£, ] - n^— i-<9d6> - 

Z7T / Z7T 



X -l 



2tt 



-<9<9A6» 



-(n + 1)6» (d - 1> + -^— <9<9£ 

Z7T 



Proof. Using (|lz.4z|) in (|lz.4ij|) . $ can be computed alternately by 
$= — 2^ g t °d k d j 6——g' !s dz p Adz q . 



2vr p 



k,t,j,p,q=2 

15 



9z D 9z„ 



By using the definition of in (IET4ip , we get 



■ , H (Aj- - X )zj (Ai - A )zia 3 _^ 

" ; ' = _ ~ ' \zj {e + Ao) TTR 



l + |z| 2 



1 



Zy + Z\CLj 
2~' 



Then we compute 



9fe^j^ = - 



+ 



4j(Aj - A ) (Aj - A )z 3 (zfc + gxOfc) 

l + |z| 2 + (1 + M 2 ) 2 

(Ai - Ao)q fc a. / - (Ai - A )zia.,-(z fc + giafc) 

l + |z| 2 (1 + M 2 ) 2 

(Aj - A )zfc z, + zi6j (Ai - A )ziz fe zj + z\dj 



l + |z| 2 l + |z| 2 
+2(0 + A ) 



l + \z\ 



(z k + zia k )(zj + ziaj) _ A 



1 + M 2 

<5fcj + OfcOj 



(1 + M 2 ) 2 



1 + 1*1 



(2.50) 



2.39 
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Then we obtain that 

(Xe - \ )zi(z k + z\ak) 
1 + 1* 



Sr'dkdjd = -S ek {\ e - X ) + 1 T7iTi2 L ~ &ik{0 + \q) 






I-'- i 



\^n — rrr^-Er a k((^i - Ao) - (A fe - A )). 



Hence the Laplace of 8 is 

A6 = -e^d^O = - ( A + J Fl | 2 fft fc - A )|a fc | 2 - nO) 

\ l^i=o F«'l fc=i / 

ELo^W A (251) r^" 



EIUI^I 2 

Denote that div(X) = £)? =2 x ! = A6) - Observe that 

d p B g A0 = nd p B g e-^— 2 ±(X k -X )^^- 

2-^i=0\ r l\ u—o uz p uz, 



'I 



\Fi\ 2 v\, , ,da k _ (J^da s F -A da s _ 

2^(^-*o) 7 —a k [}^ 7 —a s + — }^^:,, 



T n I p. 12 A^" K ' u ^z ^ dz Fi *-^> d 



Z„ 



k=2 p \s=2 "** X l s=2 W/ -1 

\Fi\ 2 ^ /x , ,9a/c f^da s ^ i F ^da 8 

:)z, 

Fil 2 



(A fe -A )^a fc n — a s + -^^— , 



X> fc -A )| Ofc | 2 ( ' *' 

fc=l ^*=0 ^ 



:! 



/ A 5a s _ F Q J^ da s \ (J\ da s F ^ da s _\ 

AS ^"' + ^ S ^ = * J IS ^T* + ^ 5 ^' J 

n IF I 2 VP 

+ ^(A fc -A )K| 2 ' 1 Wog| — | 2 . 
fc=1 2^i=o l-^»l ri 

HaiTIp 1 

By using the definition of g given in Lemma Ik!. 11 we get 

dai da s _ ks _ Yh=q \ F i\ 2 da £ d °-k dag _ A da s , 2 \^± y^ da s _ 

dz p dz q |Fi| 2 dz p dz q dz p ~^dz q s dz p f^ 2 dz q 



T.dz-^W^-F^p^W^ (2 ' 52) ^ 



Fq dag sr-^ da s Fq dag _ ^-^ da 

Fi dzp ~^dz q s Fi dz p 

Then multiple (p?5D|l and E^]) together to get 

-~g i] d k 5 3 e^^~ g ks = d p 5 q A9 - nd p d q e -(9 + x )d p d q log E 7 ol f |2 

p UZp UZq \r\ | 

i !i| 2 |2 fl 5 i^ELoM! 



^(A i: -A )H 2 ' 1 | 2 ^log 
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Therefore, we obtain that 



$ = 






l^OdAd - 1—nddO -(9 + A )<9<91og ^',=» ' " 

Z7T 27T Fl 



2 SP 2 I C |2 

^( Ai _ Ao)k |2 if 



2 \ F 1 I 2 gg Ej=Q 1-^1 



( = 1 



, -ddA0-Z—^ndde-(n+l)6((d- l)u + ^—^dd£ 

Z7T Z7T \ Z7T 



-(n«-£(Ai-Ao)|a 



l^il 



»=i 



ELl^l 2 



V)) ((d 



- An ){(d - l)w • 



2tt 



-<9<9£ 



19.41 

Then by using (p?UT|) and A6» = div(X), we get $. 



D 



sub2.5 Sublemma 2.5. for j = 3, • • • ,q, formularize Ej explicitly as following: 
Ej = (iiv(X)V'j-i - (ra + 1)0(^-1 - w 7-1 ) 

-C^-dBe) A (nO-2 +w J '- 2 ) + (^ddM) A Ci-2, (2.53) [|T] 

w/iere ^ = ELo( dw + ^<9<90 l ~ fe w fe and ^ = (du + ^dd£)\ 
Proof. Ei can be obtained directly from $: 

n i — — 

E 2 = J2 X'Q) = (div(X)w - 

p 3jL Janh2 .4 

Then by using (|b.4»p and Sublemma lb. 41 we get 



2tt 



-990 + $). 



J-3 



-1 



£ 2 A to j - 2 + $ A ^(dw + ^-^-ddS,Y- 2 - k u k 



fc=0 



i-2 



$ A V (du + ^-^-9aO J " 2_fc ^ fe + div(X)^- 1 - ^-dd9 A J- 2 

fe=0 

div(X)(dw + ^— 550 j_1 - (n + 1)6» [ (dw + ^—dd^ 1 - uj^ 1 

2lT V 27T 



3-2 



-1 



2tt 



-<9<96» A (nJ2( d ^ + \^dd£,y- 2 - k uj k - uj j - 2 



fe=0 
J-2 



2tt 



2tt 



-95A6» A ^(dw + ^-W )■' ■- ' > 



y-2-fc, fc 



fc=0 



n 



Back to the proof of Lemma 2.4. Denote that E\ — Y^i=2 ^\ = divX = A0. In 
fact, we can write down E% explicitly: 

E 2 = dWX ( dcu + ^—^-ddA -{n + 1)^-^809 

\ ZTT J ZTT 

+ y^-ddA6 - (n + 1)9 ( (d - 1> + ^^ddi 

ZTT \ ZTT 
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Then we can use S ublem ma Epo compute £* =1 (-1) ; ' _:L .E. 7 -P 9_J '( )- The coeffi- 
cient for div(X) in (jk.Jbp is given by 



J2(-iy v^-iE^-j)^ 



j=i 



fc=0 



2tt 



aae) 



9-J 



q-j-k 



■r „^„ % _i x - ^ u /V -i o?i^\ q—j—k 



j2(-iy-\d^ + \-dd^~ 1 J2 a ^-^ ujk (^r dB 



3 = 1 
q t-1 q 



k=0 



2- 



EEE^N-^-r 1 ^-'!. 3 '. 1 w< < 



t=i f=o i=t- 



" 1 -5^)'" 1 . 



J+£-tJ" v 2vr 

(2.54) 

We derive several formulas before further computation. For each fixed index j > t, 
use (jl2T2Jp to get 



2.42 



f=0 



i + i-t 



t-1 / ' _ 1 

^(-1) (dotte-j-rxt-j-t-i) + a (q-j-i)(q- 3 -t)) i-iy^d^ 1 - 1 (j J +e _ t 



— da 



(g-i-i)(g-j-i) 



3-t 



(2.55) 



2.43 



Rewrite (p^.bbp to get 
t-i 



53(-l)(do(,_i_i)(,_i_/_i) +a ( ,_ i _i )(9 _ i _ fl )(-l) j ^'^ t (, 3 +i _ t 



t-i 



j + i + e-tj \j + £ + i-t 



£«(«-;-i)h-;-*-i)(- 1 ) i * +1+/ " t 

+ a (5-j-i)(«-j-t) M) J + a(«-i-i)(g-i-i) (-l) J d J+1 ~* (j J +1 _ J 



t-2 



E «(^-i)( 9 -i-^-i) (-ly^^ 1 -* (\. 4 + L * 



«=i 



I? 44 



(2.56) 



2.44 



Cancelling out the same terms in (|2.bC|) , we obtain 
t-i 



E^-JXH-Ol-^ 1 ^' 



c=o 



i-i 



t-i 



E a («-j-i)(«-i-^-i)(- 1 ) id ' +1+ '"*(,- + i 



f=0 



.; 



+ «-""'^(::;)e:i 



i + 1 + £ - 1 

for j > t. 



(2.57) 



2.46 
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Similarly to (jiZ.bi]) , we have 



=t~j 



1-1 



e «(^-i)( ? ^-i)(-i) j ^' +i+f - f ( 7+1 



j 



for j < t. (2.58) 



J + 1 + £ - tj 
For each 1 < s < g — It + 1, we divide the following summation into two parts: 

t-l g-£ 



2.461 



E E «(«-i)(»-i-fl(-i) , '~ 1 ^ 



£=0 j=t-£ 



-t( 3-1 

j+t-t 



t-l q-i 



= J2J2 a iq-j){i-3-e)(- i y lrfj 



+i~t 



£=0 j=t+s 
t+s-1 t-l 



i-i 



E E «(,-.,(,-«-,) (-ly- 1 ^-* (,Li t ). ( 2 -59) 

3=1 ^=max{0,t-j} ^ ' 



2.462 



p 4B1 p 4fi 

Then use |2.h8|) and (p37j) to gi 



ct 



i+t- 



J2J2 a (i-t)(g-t-n(- i y ld3 

j=l £=0 

t-l 

£=0 

t-l 



t( J- 1 



j+t-t 

t-l 



t-ifn+1 



19.47 

By (pJBO)) . we have 



(2.60) 



2.47 



t+s-1 t-l 



j=l l=m&x{0,t-j} V ' 



1-1 



- * E «(H-D(^i-o (-D'** 1 L * J + tC-D*- 1 Q ! J 



«=0 



t+s-1 t-l 



E E «(«-*)(«-*-<) (- 1 ) i ' 1 ^" M " t 



j=t+l ^=0 



i-i 
j + t-t 



= (t + 1) E «( 9 -(t + l))( g -(t+l)-£) (~1) V+ 1 f 1 J + t(-l) 



1=0 



,t-ifn + l 



t+s-l t-l 

- E J^vii-mq-t-vi-iy^d 3 

j=t+2 £=0 



-lM+£-t( J l 

j + t-t 



(2.61) 



2.4712 
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Substituting ipfS7|) in (p.'blj) . we obtain 



t+s-l t-1 

E E a ( q -t)( q -t-t){-iy~ l d j 



+l-t 



j=l e=max{0,t-j} 



.7-1 
j+l-t 



t-i 



= {t + 2)Y j a {q - { t + 2)) [q -(t + 2)-,)(-l) t+1 d t+ ' 



e=o 
t+i 



X)(-i) j ' -1 ^- 



l^-f/^+A/o'-l 



3=* 

t+s-l t-1 



<?-i/ u -* 



E Z a (9-*)(«-*-^)(~ 1 ) J ^ 



+1- 



j=t+3 1=0 



t+1 

£ + 2 






(2.62) 



2.4711 



p 471? p 4711 

Repeat the procedure from (|b.t>l|) to (|b.(3^|) and put it back in (|l^.5iJ|) to get 



t-1 q- 



E E ^(^(-r^-'f,.!' 



t-1 <J-f 
= E E a (9-i)(9-J-fl(- 1 ) i " ld ' + 

£=o i=t+s 
t-1 



-lM+i-tf J 1 



(t+s-l)} j a( 9 -(t+ s -i))( g -(t+ s -i)-£) {-l) t ~ b ~ 2 d s 



1=0 



«_! ft-s-2 



t+s-2 



Ei(-l) i - 1 d i - t (^j)r._J) forl< S <9-2t+l. (2.63) 

j — t 

or ^ = g — 2i + 1, we change indices in the first term on the right hand side of 
i.bity to get 



2.471 



t-1 q-l 






E E a (9-j)(?-j-^(- 1 ) J ldJ 

£=0 j=q-t+l 

= EEVi-^-i-^)H;*' '-■'■,/"- 2 ' + '-' +l ( 

j=0 £=0 



q-t + j 

q-2t + j + £+l 



(2.64) 



2.473 



With the same procedure as we do in i\\Z.b(\) . we have 

t-l-A 



E 

1=0 



Oi(t-l-\)(t-l-X-l)( 



_^\q-t+\jq-2t+\+l+\ 



q-t + X 



q-2t + \ + l+l 



t-2-A 

/ t «(t-2-A)(t-2-A 
1=0 



/-|\< J f-f+A+l^-2t+A+£+2 / 
+ (_l)9-*+J'd9-2*+A+i+l [ 



g-t+A+1 

<?-2£ + A + ^ + 2 

g-t + A \ / n + 1 

g-2t + A + £+lJ^t-l-A 



(2.65) 



2.472 
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19 473 J2 4-7~) |9 47? 

for j = 0,1, -jyJ,- 1- Put (jETMJF back to (|Erg5f and use (puSf to repeat the 
procedure as (|b.ba[l 



t-i q-e 

E E a { q -Ma-3-^- l Y~ ld3 
1=0 j=t-i 

t-i t-i-j 



-l-tf J" 1 
j+t-t 



E E ^-^-^^(-ir^- 24 ^ 1 



j=o e=o 



q-t + j 

q-2t + j + £+l 



(q-t)J2^t-m-x-i)(-l) q - t d g 



-tjg-2t+t+l 



1=0 
q-t 



q-t 
q-2t + £+l 



E^-ir 1 ^ 



l M -t( n + l \(]- 1 



j=t 



q-jj \j-t 



t-\ t-i-j 



EE"..- ■■ '- i ^ ww i I .j;^ tl 



j=A fcO 

t-l-A 



(g-t + A) J^ «(t-i- 



A)(t-1-A- 



r=o 



(_-|S5-t+A^a-2i+A+i+l / 



g-i + A 

g-2t + A + £+l 



q-t+A 

E rt-i)'- 1 ^- 



n + i\ /j — 1 



J2 474 

for A = 1, • • • , t — 1. By substituting A = i — 1 in (JESEIF, we get 



(2.66) 



2.474 



t-X q- 



, - 1 1 3 ~ 1 

sj + e-t 



E E a (i-j)(q-j-i)^ i y lcr 

i=o j=t-e 

P--4R 1 9 49 

By substituting (p.uYj) in (p.54|) . we get the coefficient of div(X) 



(2.67) 



2.48 



q-j 



i=i fe=o 

= EE E a (9-j)(?-J-^) 



<%-^ fe (V^ 



j-1 



,-i.' v - y + y_ t )^^eBty 



j^ta^^-t^ddtf l = -^-^^(^±88$ 



q-t-l 



4=1 

The coefficient for 9 in 



t=o 



(n + 1) E(-ir '(^-i - ^ _1 ) E «(9-j)* wfc (^ fl5 0'"-' ' 



J=2 



fe=0 



2vr 



(2.68) 



(2.69) 



2.49 



2.50 
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Use |E3 in the second part of (pz.bUj) and we get 
9 1-3 



(n 



DEf-^E ^*^" 1 ^^)"'"" 



3=1 fe=0 

9-1 t 

-(n + 1) E E a (q-t-i+k)k(- 1 

t=0 fc=0 
9-1 t 



2- 



t-fe t / 



2tt 



-<9<9£) 



q—t-X 



= (-l) 9 (n + l)EE 

t=0 fc=0 
p. IK 

Use (p2.24j) to compute 



q — 1 — k\ /n 
t-k )\k 



(_l)t,if-V(lJ»5ri«-*-l 
Z7T 



dd£) 9 * \ (2.70) 



2.51 



d{q-t)a q t - (*+ l)a g (t+i) 

-(-iw,-.)£(::iV":v*<-i>" 



fc=0 



i-fc 



t+1 



(-w+^E UIi 



fc=0 



8 fc \/n+ I \ jt+i_fc/_-xfc 



-(-i)-t(-')* H ((«-<::i::)-«^)( , 7l;*))(;:: 



.(-!)-« +x)(«-i -')(;:;) 



(-l)9^(_l)*(n + i; 



g — 1 — fc^ /'n 

t-fe 



fe=0 

Comparing the coefficient in (p2.Yl|) and (p2.YU|) , we get 

9 1—3 



(2.71) 



2.52 



j=l fc=0 

9-1 



fc+j-1, 



-1 



2tt 



<9<9£) 



9-3-k 



E (d(g - t)««t - (* + l)a,(t+i)) w*(^00£) 



<j-t-l 



I? 43 



Substituting (p?58|) and (pT2| in (p?70|) . the coefficient for in 



9-1 



E ((n + 1 - d)(fl ~ *)<** + (t + l)a, (t+ i)) ^(^—950 



g— t— 1 



(2.72) 



(2.73) 



2.53 



2.54 



| siib ?.4 19 . 35 _ 19 , 33 

By using Sublemma 112.41 and (p?J8|) . the coefficient for — cJc?^ in (p?4o|l 



IK 



i-2 



2n 



i Ec-iy- 1 «E ( d - + ^^r 2 -V + ^- 2 



3=2 

q-j 

E° 

fe=0 



£=0 



2tt 



(?-j)feW 



2vr 



1^)^^ = E ( _iy-i( nC ._ 2 +w i-2) A ^ (2 .74) 



2.55 



J=2 



2N 
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where 



,k(VEIaAc\ q ~ j ~ k 









By using Sublemma IPT and (Jz?J8|l . the coefficient for <9<9A6» in (JETTO)) 



is 



i-2 



2tt 



-B-^E^ 



i=2 



£=0 



2tt 



^^"V 



E a (<?- 



i)few 



1 „^ ^q-j-k 



k=0 



2vr 



-dd£) 



i=2 
By adding — div(X) 

g p«(vx,e,---,e) 



6> (lF73l) + Odd (gfll + d<9A6>f£71]), we obtain 



(2.75) 



D 



2.56 



lem2.5 Lemma 2.6. T/ie Hodge decomposition of equation (p2.43|) can fee computed as fol- 
lows: 

- qP q (VX, 8, • • • , 9) + qa^OujO- 1 - i{X)8f q = -na^^uj^ 1 + 8<p q , (2.76) 

w/iere 

•9-2 



2.57 



¥>« 



x -l 



*^— 5>-fc)w*A(00. 



k=0 
■9-1 



2- 



i s ^)«- fe - 2 



+^-E fca <^(^) 



2tt 

v/-T 

~2V 



A^-iAf^)'"'" 1 



fe=i 

q-l 



2- 



E « 9 fe(9 - k - l)X(0d& k A (^dd£) 



1 a ^\9~ fc ~ 2 



fc=0 



EC" 1 )'" 1 [(^) A (^ _1 + "O-2) - (9A6) A O-2] A „,_,- 

j=i 



«s a globally defined form. 



Proof. In (|lz;.^8|) , the potential form is obtained 



q-l 



/ 9 = E a ^^ A (^ a ^) 



1 fl FJ rt ?-H 



fc=0 



for q = 1, • • • ,?i—l. By direction computation, we get 



q -i 



ipw, = E«<^(^ fe a (^— aa£) 



1 n o^'?- fc - 1 



fe=0 



9-1 



fc=l 
9-2 



1^1 

2?T 



+E fc «9fc^(^) A (^) A w*- 1 ^^) 9 -^ 



2V 



E(9-fc-lKfc^(d0A(M(0)A^A(^^) 9 " 2 .(2.77) 



2.58 



fc=0 



BANDO-FUTAKI INVARIANTS ON HYPERSURFACES 



2') 



Use Lemma i^ijl and 



we obtain 



-qP q {VX, 9, • ■ • , 6) + qa qq 9L0 q - 1 - i{X)df q 
q-i 



= div(X) J^(q - k)a qk w k A 



k=0 



2tt 



-0^) q_1 ~ k 



9-1 



- J2 i( q - k ^ n + 1 - d ^ k + ( fc + 1 )°«(fc+i)] uk ■ 



k=0 

<I 



2- 



1 d8zy- 1 - k 



■ J^i-iy- 1 [(dBe) A (J- 1 + nQ- 2 ) - (ddA6) A ^_ 2 ] A Vq ^ 

3=1 

9-1 



+?o M 5««- 1 - X(£) £[(« - fc) - (q - k - l)]a qk uj k A (^83$ 



k=0 



\J — 1 Q ;^9-l-fc 

2V 



2tt 



9-1 



-1 



5] fca, fc (00 A (00) A u: k - 1 (^—ddO q - k - 1 



fc=i 

9-2 



£1 5> - fc - l)a gfc (90 A (BX(0) A c fe A (^dd£) 



g-fc-2 



fc=0 



In fact, we have the formula [T3\ Theorem 4.1] 

div(X) - X(f ) - (n - d + 1)6" = -k. 

I? .fin ^ . R3 

By using (p7fg|) in ((gTTSj) . we have 

-qP*(VX, 6, • ■ • , 6) + qa^Ou*- 1 - i(X)df q 



(2.78) 



(2.79) 



2.59 



2.60 



« J- 
fc=0 


■ k)a qk LO 


'M#«*r 


-1-fc 


9 1 

6>y^fca gfc ^ 
fc— i 


fe-i A (2 


^flae)-- 




.AT 9-1 


■v-ufaft, 


-\ f^Uw'-V^ 


~p 



2tt f^ * v ' v ' v 2tt 

fc=i 

9 

3=1 

9-2 



-*(o 5> - fc - !) a ^ fc A (^ 9 ^) 



fc=0 
9-2 



fe A /V-l aSrt 9-l-* 



+^E(9- fc - 1 W(^) A (^^)) Aw ' £A (^^)" k 2 -( 2 - 8 °) 



2.61 



fc=0 



From Lemma b.4l the harmonic part on the left hand side of (pz.Yb|) is proportional 
to w q ~ l . Therefore, the Hodge decomposition of (|E7S0[) is — na q ( q _ 1 )Lj q ~ l +dip q . D 
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lem2 . 7 | Lemma 2.7. We define aP q (\7X,Q,- • • . 9) in flzgg) . For g = 1, • •-, n - 1, we 

have 

gP 9 (VX,9,--- ,9) Aw^" g = 0, (2.81) piTei" 



where u>m = (n+ 1 — cI)lu. 
Proof. Consider 

= / L x (P c <- 1 (e)ALJ n - q ) 



M 

(LxP^iO)) Au"- ? + / P rl (e)AlxK-«) 
-(g-l)^H / a9P«- 1 (VI,0,'-,8)Aw r '- 9 
-(Ji-g)— - I P q - 1 {<d)Add6Aio n - q - 1 . (2.82) |~2T63~ 

Stoke's Theo rem, we have j M ddP q - l {VX, 9, • • • , 9) A w n-9 = 0. By using 
and (flZTfzf, compute that 



- (n - q)\ldd0 A P q -\Q) A lo^^ 1 



Yl J2 sgn(cr)sgn(r) 



(n-q)(n- 1 -q)\ 
(q-l)\(n-l)\ 

<rSS q -i,T5SqiiJi,ki— ,k q - 1 ,i q ,j q =2 

■ di, B h 6R k ° m , ■ ■ ■ R^-'l 3M»^ • .•^(•A (l ) n - 1 
(a-mf-l)! S S Bgn(a)sgn(r) 

r ' T(1) B' T ?' . . . PM') ;jfc<r(l)Sl ... ^ fe »(<! -l)5g-l, ,,«— 1 

tq rCq — 1 Sg _ 



•X TC1, i?7<% •••-R.-T » sfMi)«i...3*-c«-i)««-i £l ;"- 1 . (2.83) 2.64 
By definition, we have 



^(VX ; 9,...,9) = i(^r 1 5: £ sgn(r) 

t£S, ii,fei ,«!••■ ■k q -i,s q - 1 ,i q =2 



By comparing (|ia.83|) and (|2.84|) . we obtain that 

~(n ~ q) y 7^dd0 A P q ~ l (Q) A w™-"- 1 = qP q (VX : 9, • • • , 9) A w n -«. 

27T 

Therefore, we have 

/ qP q (WX, &,-■-,&) A ^ q = f L x (P q -\Q)Aoj n M q ) = Q. 

JM JM 

D 

For an extension discussion of Lemma b.Yl please see the Appendix. 
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Proof of Theorem 117771 From (|K.44|1 , we can compute the q-th Bando-Futaki invari- 
ant by 

L x f q A ui n M q = (n + 1 - d) n - q (-C(q) f uj"- 1 + qa qq f 9cJ r ' 

W \ JM JM 

- q f F«(VX, 9, • • • , 8) A u n M q - f Bcp q A ui n M q . (2.85) 

JM JM 

.5 



From Lemma tiM we have C(q) = -Ka ? ( 9 _i). By l j~nH Theorem 5.1], we have 
J M Ouj n - 1 = £. From Lemma ET^we have qJ M P q (WX, 6, • • • , 6) A uf l M q = 0. 
In addition, the divergence theorem implies that J M dip q A of^ q — 0. With these 
information, we get 

Lxfq A uJ n M q = n{n + 1 - d) n ~ q (a qq - + da q ^ X )). 



Using (|k!.^4|) , the g-th Bando-Futaki invariant can be computed directly by 
T q (X) = -(n + l-dr-vy^^i-dyU + lKq-j)^ 1 )* 

4—n \" J J 



. ( „ + 1 _ Jr -, (^'X" + i) g M)Jb . + „ Q _ « _ .) , 



n 



Corollary 2.2. JFii/i i/ie notation as in Theorem 1.1, if d — 1, a^/ f/ie Bando-Futaki 
invariants are zero. 

Corollary 2.3. Wii/i i/ie notation as in Theorem 1.1, if M is the cubic surface in 
CP . then the Bando-Futaki invariants are 

Q 

!F\{X) — — k, and J- 2 {X) = 16k. 
o 

The first example is due to l[H] and [TTJ . 
Example 2.1. Let 

M = {Z e CP 3 \F(Z) = z v z l + Z$Z 3 - Z 2 Zi = 0} 

be a hypersurface in CP , where Z = [Z , Z\, Z 2 , Z 3 ] is homogeneous coordinates of 
CP 3 . M is a Kahler orbifold with Ci(M) > 0. Let 

X = -7Z ^- + 5Z 1 -^ r + Z 2 ^- + Z 3 ^- 
oZo oZ\ aZ 2 oZ 3 

be a holomorphic vector field in CP , which satisfies XF — 3F. The Bando-Futaki 
invariants are 

fi(X) = -8,and f 2 (X)=48. 

Example 2.2. Let 

M = {Z e CP A \F(Z) = zl + z\ + zl + z\ + Z\ = 0} 

be a hypersurface in CP . Let 

x = ZQ dz- a +Zl dz- 1 +Z2 dz 2 - + Z3 dz 3 - + Z4 dz; 
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be a holomorphic vector field on CP , which satisfies 

X(F) = 2F. 
The Bando-Futaki invariants are 

J r i(X) = -270, F 2 (X) = 135, andF 3 {X) = — . 

3. Chen and Tian's holomorphic invariants 

^T We prove 
that they are the Futaki invariants. 

Definition 3.1. Let M be an n-dimensional simply- connected Kdhler manifold with 
a Kdhler form ui. There exists a smooth function Ox such that i(X)uj = ~ d9xu- 
Define 

F k {X,uj) = (n-k) f 9 x uj n + (k + l) [ A8 x Ric(uj) k Aoj n - k 
jm jm 



(n-k) 9 x Ric{u) k+1 Au n - k - 1 . (3.1) pTT 



M 

Proof of Theorem 1.2. These new holomorphic invariants are independent of tlie 
choices of the Kahler metrics in the Kahler class [u>], which were shown in I^T 
There exists a constant a, such that auj € c\(M). Therefore, there exists a smooth 
real valued function / over M, such that Ric(u>) — olio = ^ ddf . Take inner 
derivative on both sides, we have 

divX + ae x +X(f)=/3, (3.2) [io" 

where j3 is a constant if M is compact. We need the following two formulas 

= / {i{X)[df(ddfy- x u n -i +l }) 

JM 

V'-l ,,™-i+l _i_ Irn _ a , i\ I Fia v FttlP>RfV-^,.,n-i 



= j X(f)(ddfy- l u> n -> +1 + (n-j + l) dOxdfiddfy- 1 ^ 

JM JM 

= j f xifXddfy-^-t+' + in-j + i) [ e x {ddfyuj n -i (3.3) Qn] 

Jm jm 

for 1 < j < k + 1 , and 

divX = A9 X + c, (3.4) [32" 



In order to maintain the definition as the original paper, we have opposite sign of the notation 
for 6x and A that we used in previous section. 
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:i:S 



where c is a constant and A9 X — g tJ ' didj9 x if w = 2iT S7i=i 9ijd z i ^ ^ z j- The 
new holomorphic invariants are 



Pk(X,uj) = (n-k) 9 x uj n + (k + l) A9 x Ric(u>r Auj' 
Jm Jm 

fc+1 A n—k—1 



l—k 



-(n-k) / x i?Jc(w) fe+1 Aw 
Jm 

(n - k)(l - a k+1 ) I w v -"' 

Jm 

•(^i)/ M ^E@(^/) 



'a fc -'w"- ! 



m 



2tt 



For each 1 < i < fc + L.break the number into two terms (n — i H- 1) = (n — k) 
(k—i — 1). By using (|CO[) . we get 



(»-*) / Bx{^ddf) x w n - 

Jm 27T 



■1 



(k-i-i) e x {^—ddfyuo n - i + i x{f){ddjy-^ n - i+ '. (3.5) 



3.5 



By using (|I3T4|) and (p.5|) , we have 

^(X,w) = (n-k)(l-a k+1 ) I <W 



■(k + DjjivX^Qi^aBf) 



t OL k - l Uj n - 1 



fe+1 



+ / W fc+1 W )( ^9/rv +i -v^ +i 



M 



t=l 
fc+1 



Jm „■ , 



2tt 



/j + 1 V^(^9a/) i a' £ + 1 -W 1 - 1 . (3.6) 



3.6 



Since ES i( t ii^=o(* + l)(£i) = ( fc + !) + ££=i(* + !)(«)> we devide the 
term of X(/) in Qb.'bjl into two parts and combine one part with div(X). That is, 

F k (X,w) = (n - k)(l - a k+1 ) f 9 x uj n 

Jm 

+(k + 1) j^ (divX + X(f)) J2 ( k ) (^E±ddfya k -*u; n -* 

+{k + l)a k f X(f)cu n 
Jm 



(3.7) ITT] 
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By using (pT2[) in (p?7|) , we get 

T k (X,uj) = (n-k)(l-a k+1 ) I 9 x to n + (k 4 l)a k I X(f)co n 



IM JM 

k 



i „ k— 2+1 , rt—i 



\i n k+\-i jn-i 



-(^i)/ M ^E(-)(V a ^ 

= (n - fc)(l - a fe+1 ) / x w" + (k + l)a fc / X(f)w n . 

JM JM 

If the Kahler form is normalized, then we can choose a = 1. These holomor- 
phic invariants are simply the Futaki invariants on compact Kahler manifolds with 
ci(M) > 0. Indeed Kobayashi FTTj proved that a compact Kahler manifold with 
positive Ricci curvature is simply connected. □ 

The generalized energy functionals introduced in the same paper are the nonlin- 
earizations of these holomorphic invariants. The Futaki invariant can have different 
nonlinearizations. 

4. Higher order K-energy Functionals 



In 198fiJVIabuchi first introduced K-energy as the nonlinearization of the Futaki 
invariant [T5J . The critical point of the K-energy functional is the Kahler-Einstein 
form. dC-iinergY are studied to und£rstand_ the stability of Kahler manifolds by 
Tian |T^ i TlJ"'20f7 Phong, and Sturm [ToTli'J. Furthermore, Lu [rT provided the K- 
energy in an acplicit formula for the hypersurface in the projective spaces. Phong 
and Sturm rT7f formulized it on complete intersections using the Deligne pairing 
technique. Moreover, Bando and Mabuchi constructed higher-order K-energy func- 

rals r2J^ which are considered as nonlinearizations of the Bando- Futaki invariants 
( cf. Theorem 2 of Weinkove's p2j) However, we can remove Weinkove's as- 
sumption, which states that the qth-Chem form c q (iv) is in the same cohomology 
classes n q [oJ q ] £ H 2? (M, Z) where lo is the Kahler form and fi q . Most importantly, 
he [22 derived the higher order K-energy as ja generalization of Tian's formula of 
K-energy FTS'J. Bando and Mabuchi's proof l"2" _ is discussed in detail in the following 
proof concerning the independence of the choice of paths othigher order K-energy 
functionals in the Kahler class by using Mabuchi's method |T5 . 

Definition 4.1. Let M be a connected compact n- dimensional Kahler manifold 
with positive first Chern class. Let Q be the Kahler class which represents the first 
Chern form. For any luq,lui € CI, let io t , < t < 1, be a curve joining loq and 
U)\. Since M is Kahler, there exists a smooth real valued function ip t such that 
to t = uj + ^»~ ddifit with J M -^(ftoj™ — 0. Define higher order K-energy functionals 
as 

M q (u> ,uJi) = ^ f f ^(c q (u t )-Hc q (u t ))Avr 9 dt, (4.1) [s£ 

V JO JM at 

where V = ^ m ^>fs\m an< ^ Hc q (uit) is the harmonic part of c q (uj). 

The independencejif path choosing in the Kahler class for K-energy functionals 
was proved Mabuchi [T5 , and for the higher order K-energy functionals was proved 
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by Bando and Mabuchi [2] when 1 < q < n. Recently, Weinkove gave an alternative 
derivation of the proof by using Bott-Chern forms. 

Let us re-prove the argument of Bando-Mabuchi in detail. First, we need 

Sublemma 4.1 (Bando [T ). Hc q (ui) A u n q is harmonic if to £ O. 

Proof. We may use Lefschetz decomposition theorem, 

q 
Hc q (uj) = ^2uj k /\tp k , 

fc=0 

where tpk € H 2q ~ 2k (M,C) is the primitive 2(q — fc)-form of Hc q (u>). Therefore, 
Hc q (<jj) l\u) n ~ q — J2l=o u n ~ 9+k Aifk is harmonic. We can also see this in a different 
method. Let Lr\ = u A ry. We know [A, L] = 0. Since AHc q (u>) — 0, we have 

A(i/c,( W )A/-«) = A{u; n - q AH c q (u;)) 
= w n ~ 9 A A(Hc q (uj)) 
= 0. 

Since dim(W 2n (M,C)) = 1 and Hcq(u>) Aw"' 8 G H 2n (M), Hc q {uj) Aw"'« = A 9 w". 
Since M is compact, A ? must be a constant. □ 



Hence, 



c q (u) A w"-« = / (Hc q (uj) + \±ddf q ) A u n - q 
Fc g (o;) A a;" -9 = X q f uj'\ 

M JM 

We can conclude that Definition 4.1 is the same as in 



:(c,(w t )-Ja r c(w0)Awr'*=T7/ / -^(c,(wt)A«r*-A,w?)*. 

17 JO JAf az: " JO JM at 



(4.2) 1 34 

Sublemma 4.2. J„ J M -^X q uj^dt is independent of path choosing in the Kdhler 
class. 

It is trivial by the following method. 

Sublemma 4.3. L J M -^c q (ujt) Aw" - ' is independent of path choosing in the 
Kdhler class. 

Proof. Let ui Q = (n - d + 1)u)fs\m, w«,t = ^o,o + y ^ L ips,t and tp Stt = sip t , where 
ip t (z)eC°°([0,l] xM). Let 

Kt = (/ m ^f C *K*) a <7 9 ) d« + (/ m ^ff C,Kt) A «£<) dt. (4.3) [40] 



:;<; 
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sub4 . 4 



Use Stoke's theorem 

\ dKt = 

o Jo 



dtp s ,t 
\i ds 

m dt 



Cq{u> s ,t) Acj" t q ) ds 
c 9 (w s ,t) Aw";« 



4=1 



A/ 



<PtC q {u s ,t) Aw,, ds 



*=o 

8=1 

c 

s=0 



dt 



t=0 



,1/ 



<p t c q (u; St t) A w"j 



r/f. 



(4.4) 



<Ptc q {u s ,t) Aw,,' ds 



Sublemma 4.4. for ifte one /orm VP' t m (|4.3|) . we ftaue d 1 !^ t = 0. 

4] is true. Let </jo = <£>i in (|b.5|) to get 

<ptCq(u) s> t) A w™7 ? I dt = - / 

/0 VM / ^0 V^M 

This shows that it is independent of path choosing of u>t ■ 

Jsnb4.4 

Proof of the Sublemma \\4.4\ £ty further computation, we have 
/w l(^f C?Kt)A <") dSAdt 



(=i 



= 



t=o 



□ 



d* 9 = - / T- 



C g (w S) t) A w™ 4 9 I ds A dt 



if ds V 9t 

" i; ' V P q (-d(V^h-l), R., t , • • • , R. it ) A u n s ; t "ds A di 



/M 9s 
■(n-q) 



dt 

— Cq{U! Sl t) Add— 5T-W 8t q dsAdt 

^p« ( _0 (V ^^), fl. it , • • • , i? s , t ) A w^ds A dt 



0.<s 



(n - g) 
90 



9^,t , s A r,Hdlps,t n-l-q 

, f ^r c ^ t)A5 ^r' ' 



'-Cq(u> Sl t) A dd s ' Wg, q dsAdt 



IM 



9s 5t 

dip s ,t 



,R s ,t)Au" t q dsAdt 



d^s, 1 pq ( dh ££ x 

c,j(w Sj t) A d—^-u) n ~ t ~ q ds A dt 



m ds 



w at r l 9s S <" K 



,.,,-•• ,R s , t )Auj n st q dsAdt 



+ (n-q) / a- r c,(u S! ,)A9-—w i 



di/> s ,t 
w 9t 



<9s 



ds A dt, 



(4.5) 



where w a ,( = : ^ J2 a ,p( h s,t) a p dz a A dzp and i? s 



r^.,t)^)] is thc 



curvature form with respect to metric w S] t. We need to show that 

^as^p«(^- t 1 ,-R.,t,-,i2.,*)A<7 8 



i^a 



= / 55- 

Vm 9t 



,<% 



M L-l 



f^fc-U.t.-.^Aw^ 



n—q 



35 



36 
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to conclude <N! q — 0. Compute 
at as 



s.i 



— 2_^ sgn{a)sgn{T) — h s y t d ai d Pl ^ 

<j,t£S q 



((MS* ■ ■ ■ (^<Ck) (m^ 1 ■ ■ ■ (M Q ^< t - (4.6) 



Since a{h '^ 3 = 5^%^ © is equal to 

- Yl sgn(a)sgn{T)d ll d :i —^(h^ t y-^ : >d ai dfi 1 - 



x(ft.,t) ar(I) *'"(ft.,t) aTW ^<t 



.s./ 



= -f 53 S 9n{cr)sgn{r)d il d j ^^{h at t) % '' m: 'd a± di3 1 .^ 

^' a, rGS, 
^' cr,re5 g 

x ((i2.,t)";^ • • • (^C<:k) (M^ 1)5 (M^ 2 ^ 2 • • • (KtY'^wt 



We restate and clarify as follows: 



D 



4.5 



B-M : WB 

Lemma 4.1. (p, 22]} Higher order K- energy Junctionals are the nonlinearizations 
of Bando-Futaki invariants. 

fRc W ), = („ +1 -,)|M ( H,„,) (4.7) S 

Let M be an n-dimensional compact connected Kahler manifold in CP with 
positive first Chern class. There exists a constant a > such that cuofs\m £ Ci(M), 
where w^s is the Fubini-Study metric in CP . Let at be a one-parameter family of 
automorphism of CP and X be the holomorphic vector field induced by at ■ We 
may write 

a t [Z ,--- ,Z N ] = [e Xot Z ,--- ,e XNt Z N ] 

for integers Ao, • • • , Xn with J2i=o ^i = 0- Then u>t = aa^ujFs\M restricts a family 
of metrics on M, such that wq — oiwfsIm- Recall lufs — 27r"<9<91og(^ i=0 l^l 2 )- 
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Hence, 



o-^jrs - ^ddlog(£:i |e^| 2 )- Let 
It follows 






w t - w = — — od^t. 

Z7T 



Then 



cfo _ 2aRe^^ A I e A '*Z l e^*Z I 



■* ~ — gffiir ~ = ~ 2ReH ° fft) ' 



f—X ~ 5^ \XZ\ r 

where i(X)ujFS = ~ 9 — 96, and = — ^i, w° , I ,'■> ■ From IT and Lemma 4.1 ii 
p2| . the Bando-Futaki invariants can be written as 



T q (X) = -{n + 1 - q) / a6{c q {u)-Hc q {w))/\u n -\ 

J M 



where u> = cxujfs 



M- 



(n + 1 - q)—Mq(u,u t ) 



= (n+l- q)— / ——{c q (uj t ) - Hc q {uj t )) A w\ 



1 f *£±U , ,.\- 11.. , .,.n / .,"■ " 

-(n + l-g)- / 2Re{a6oa t )(c q (uj t )-Hc q (uj t ))Auj 7 t 

V JM 

Re ( 

I M 



-(n + l-?)-Re( / aO(c q {u) - Hc q (u)) A^' 



= |Re(^(X)), 

since Bando-Futaki invariants are independent of the choices of metrics in the 
Kahler class. 



5. APPENDIX 
lem5.l Lemma 5.1. For q — 2, • • • ,n— 1, let 

Y = J2 Yn 7T~ £ Tl '°( M ) A«- 1 (T 1,0 (M)*(g)r 1 . (M)*) 

ii=2 Zl1 

&e a holomorphic vector field with (q — 1, g — l)-valued form, where 

q n 

yii =X il P q - 1 (Q) + J2 Yj {-iy~ 1 x i2 @f 2 ---@i i .p q - j (@). 

Then we have qP q (\7X,Q,- ■ ■ ,0) = div(Y). For q — 1, we have Y — X and 
P l (VX) =div(X). 
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Proof. We have 

n 

div(Y) = Y. V ^ Y%1 



n n 

Y^ x\\p q - x + ^ x ii w il p q - 1 

q n 

+ E E (-ir^eg-.-ey^-^e) 
+ E E (-i) , '- 1 ^ a v« 1 (e^--ej)p'-^(e) 

j=2 »!,.■■ ,ij=2 
g n 

+ E E (-ir 1 ^ 2 eg---e:;v 41 (P"--''(e)). (5.1) ^T 

j— 2 i\ ,-•• ,«j— 2 



By using the definition of qP q (VX, 0, ■ ■ ■ ,6) in (pfbj) , we get 

n 

div(F) = gP 9 (VX,e,--- ,e) + ^x 4i v n p^ 1 

H=2 

q n 

-E E (-i)^ ,2 v tl (e:5...e:;)p«(e) 

j=2 i lt — ,ij=2 
q n 

-T, J2 (-iyx^ez---@iv il p"- j (@). (5.2) ^u 

3=2 ii,— ,ij=2 

It is equivalent to show the following Sublemma. 
sub5 . 1 Sublemma 5.1. For q = 2, • • • , 7i — 1, we /wive 

n q n 

?'i— 2 J— 2 ii,"- ,*j— 2 

q n 

+ E E (-iF^e^-e^.F^te). (5.3) [bj[] 

j=2 »!,— ,ij=2 
I B . 3 

For q — 1, to. '6]) is zero. 

We need two formulas before proving Sublemma lb.il 

sub5.2 Sublemma 5.2. For 2 < i < n and q — I, ■ ■ ■ ,n — 1, we compute the covariant 
derivative on the curvature form and the Chern forms 



v<e£ = Vj-ef, (5.4) [5^1 

v,p"(e) = E E (-^"^v.-ce^e^.-e^P'-^e), (5.5) Qgg 

where 8| = ^^3 Z)™t=2 R %i dz s A rfi * = ~^T X)"t=2 5 t r^dz s A dz f . Since M is 
Kahler,r* sj = r% = %f-~gW. 
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Proof. First, we compute 



Vpfc o a j^fc | j^k pA pA r>k 71A p/c 

i H jst - -VtOd ja + 1 i\ttj s i ~ L i 3 H \st ~ l is H j\t 



= -d t . 



2 9s? ~k& J + 5 ( d ~9spd~g an kn B 



d 2 g 



dzidzj J \ dzj dz 



_i_j-ifc nA t^A p/c t^A pfc 

+ i iA rt jst l ij ri Xst l is rL j\t 



8 2 ~g s 

dz t dz, y I * **""** i i»- n tof 



{s0_~kf} \ _ pfc pa pa p/c 



"ft I ^-jr~9 I - r ia^t - r ? s # 



Similarly, we get 



+r*A^ st --r^L*-rf s #* Af . (5.6) [^ej 



9jP_7, k P \ —T k R Q - — F Q R fc 



Vj^ist - -ft I — — <r I -r iQ i?f st --r" s i? iQt 



-rJ A i&— r£i2*— r£i?*-- (5.7) nTT] 



Since M is Kahler, r, A , = r A ,-. Therefore, CM and CTTTl are equal. Then we get 
(pf|) . Next, wsnrove |E!§ by induction. For q = 1.V j P 1 (9) = Vi^™^ ^- 
Assume that (p.ap is true for 2 < k < q— 1. By using (f2.l4|) . compute the covariant 
derivative on g-chern form: 



9 3=1 

+- E(-*r l0 ^ S • • • e£Vii*-'(e). (5.8) 



By using induction hypothesis on the second term of (|b.8|) , we get 

9 

'7 



5.8 



i 

= - E(-i)^ 10 :? • • • lj D-tf-'jViCe^ • • • e^)p^(e) 

9 3=1 fcl 

= 1 E(- 1 )' _1 7^( ^ • • • e <£) i>ir l0 s • • • :;^^ £ ( ) 

9 fcl 3=1 

^Et- 1 )^ 1 ^^ ^--- ^^ ) ( 5 - 9 ) {EH 



q e =i 



By substituting (|b.!j|) back to (|b.8|) . we obtain (|b.i3|) . D 

| Kiih5 . i jr a 

Proof of Sublemm \b.l\ Prove by induction. For q = 2, by using (|b.5|) . we get 
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Assume that (|b.3|l holds for k = 2, • • ■ , g — 1. By using (|b.a|) , we compute 

n Q n 

^^v.F-^e)-!] £ (-i) J '^ a v 4l (eg---eg)p»-^(e) 

ii—2 j—2 z*i, ••• ,ij—2 

q n 

"E E (-i) i ^ 2 eg---e|v il p^(0) 

q n _. 

= E E (- 1 ) i 7ri^ <I Vi 1 (e2-.-eg)p«^(e) 

g n 

-E E (-i)^ 2 v n (eg---e:;)p^(e) 

j=2 ii,-" ,ij=2 
9 n q-j , 

-E E (-i)^ 2 e^---e^(-ir- 1 -v n (e:^..-e^;)p^(e). 

j=2ii,---,ij=2 fc=l ' 

(5.10) [5T10" 
In fact, we have 

n n 

Vu( E t-- t 2 ) = (i- 1 ) E (Vi.e^-eg, (5.11) [|ni] 

and 

j'-i 

Vi l (e^--e*j) = (v il eg)e^.--e*;+x; ©2 ■••©:;_, (v^ej +l ).-.ejj 

fc=3 



+ e£..-e£_ 1 (v il e£). (5.12) r^TTTTl 

k in JE 111 

Use (|b.ll|) in the first term on the right hand side of (|b.lU|) and use (|b.l^|) in the 

second term of (p.lUp . We get 

n q n 

i\ ,22—2 J — 3 it,-- ,ij — 2 

q n 

E E (-i) J 'x <a (Vi 1 eS)---ejjp«-'(e) 

i=2 »i,— ,ij=2 

-E E (-i^E^eg-et^Vi.e^O-ejjp'-^e) 

j=2 »i,«. ,ij=2 fc=3 

g n 

"E E (-i)^ 2 e^---(v 41 e:;)p^(e) 

j=2 it,— ,ij=2 

- E E (-i)^ i2 ©g •••©:; E(-i) £+1 (v^: 2 ) • • • e^p^e). 

(5.13) J 5.12 



42 CHIUNG-JU LIU 



By using fo.4|l on the third term of (|b.l3|) . the first three terms of (|b.l3|) are 
cancelled out. Change the indices in the last term of (|b.iS|) 

1 n q-j 

-£ E (-iyx^&z • • • e| "£{-i) l+1 (v h G^) ■ ■ ■ ej£p*-'(e) 

j=2»i,— ,ij +e =2 1=1 

q n j—l 

= -E E J2(- i y~ lxi2@ t--- Q t h _A^ Q Z +1 )--- & ^ p9 ' j ( e ) 

j=2 i lt — ,ij=2 k=3 
q n 

-E E (-ir 1 ^ 2 @fe---0t i _ I (Vi 1 eg)p^(e). (5.i4) \£^\ 

j=2 i lt — ,ij=2 



I K .4 J§=J4t 

By using (|b.4|l in (|b.l4|) . we obtain 



- E E (-i)^ 4a eg ■ • • ©t 1 E(-!) £+1 (^efc') ■ • • e;^;p^(e) 

q n j 

= E E E(- 1 ) i " lxi20 ^-- t 1 ( v ^ i" +1 )--- i- p9 " i ( ) 

i? n 

+E E (-ir 1 ^ 2 ©:^ •■•©:; (v^e^^ne). (5.15) ^ 

j=2 »!,— ,ij=2 

JR. 14 JR. 19 JR.Ip 

By substituting (I b.l5|) back to (|b.l5|) . the last three terms on of (|b.l3|) are cancelled 
out. Therefore, (|b.l5|) is equal to 0. □ 

□ 

l lBlTlR 1 

By Lemma lb. l( we have 

qPi(VX, 6, ■ • ■ , 6) A io n M q = / div(Y) A wjjf 1 . 

M J M 

Theorem 5.1 (General divergence theorem). Given a holomorphic vector field with 
(q — 1, q — 1) -valued form Y defined in Lemma to.ll we have 

div(Y) A w£f q = / L Y K- q ) = 0. 



M JM 



Proof. Let Y = ££ =2 E?= 2 £? 2 ,.. .^(-l)^ 1 *^ • ■ ■ 6*^(9) ® ^-. We 
have Y = J2Z=2 X ll P q ~ l (e) ®q§-+Y. Compute 



M 



Ly^ n - q ) 



(n-q) J2 (-^y-'X^eZ ■ • • 9JJ A a- lX ^A) A P*-'(0) A u;"" 1 " 



M i 2 ,--,ij=2 
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On Kahler manifolds, we have 

n I — t- n 

Yl e l 1 A (Shxdzx) = -^- Yl RijXapdzaAdzpAdzx 

ii,A=2 ii,a,/3,X=2 



I - 

^ Rijp a \dz a A d.2,3 A dz A = 0. 



2vr 

il,a,/3,A=2 



Tlherefore, we obtain f M Ly(ui n q ) = 0. By the linearity of vector addition and 
(Jzfgz| , we have 

/ LvK l -«) = / L P ,- I(6) ^(a;"-«) 
Jm Jm 

= [ P q - l (@)AL x (u> n - q ) 

= [ Lx(P g - l (Q)Au n - q ). (5.16) [sis 

Jm 

By (pb.lb|) . Lemma b.l I and Lemma ILi.Yl we obtain 

L Y (u> n - q ) = [ L x {P q - l {@)Aw n - q ) 

m Jm 



q J P q (\7X,@,--- ,6) Aw 
Jm 

div(F) A Lu n - q 



'M 

0. 
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